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a
Unit 12: Vectors (3D) To use vectors for three-dimensional problems, you use three

r=| b |=ai+bj+ck
perpendicular axes: the x-, y- and z-axes.

c

. 12.1 3D coordinates If you draw the x- and y-axes as usual, the convention is to draw the

. 12.2 Vectors in 3D z-axis coming “out of” the page. So if the page is lying on your desk,
o 12.3 Solving geometric problems the positive z-axis points towards the ceiling. Axes like these are a _
. 12.4 Applications to mechanics right-hand set because you can position your thumb, forefinger and & @ x

second finger in the direction of the x-, y- and z-axis respectively. In this diagram a right-hand set of axes is used.

A vector r in 3D has three components. You can write it as a column The magnitude (or modulus) of r is |r|, the length of OP in the diagram.

Kev Voca bUIa ry vector, or use i, j and k, which are the unit vectors in the x-, y- and Left-hand set Right-hand set

From triangle PDC you have PC* = a* + b*
z-directions. For example

From triangle OPC you have OP*= PC* + ¢*= a* + b* + ¢*

Vector, scalar, column, 3D coordinates, vertices, The position vector of a point A defines its position in relation to an ¥y . o . m
Cartesian, i, j, k, magnitude, origin, distance, origin O. ) The magnitude of vector r = ai + bj + ckis
direction, angle, position vector, unit vector, m | =va®+b*+c?
orthogonal, vector addition/subtraction. The position vector of A is OA, you usually write this as a. k.
For points A and B, AB= AO+OB=0B-OA=b-a Z b . The direction of r makes angle o with the positive x-axis, § with the
ositive y-axis and y with the positive z-axis, where
Vectors positivey ¥ P
In AS exams you only need to be able to work o

with 2-dimensional vectors, but in A-level exams k =
you might need to answer questions involving
3-dimensional vectors. These can be written as o perpendicular unit |rl

column vectors, or using i, j, k notation: s/ vectors. In 2D, you
I 2 1 « just use i and j.
XY= —61 =2i-j+ek = g Points P and Q have position vectors p =

1

| ) LR S - poirt

O  jjandkare cosa=—, cosf=— and cosy =

12 ] |

-3i— 3j + kand q=7i + 4j — 4k respectively.

It follows that
The point R lies on PQ such that PR: RQ = 2:3. Work out the position vector, r, of R. m
~ > . , a*+b*+c? i
Selving vector problems PA=a-p=(7+2)i+(4+3)j+(~4 ~ k=10i+7j-5k g cos’@+oos frcosy == p -
You can use these formulae to find areas of triangles and PR = EF@ =4i +2,8j -2k p 0 Sketch a
parallelograms in vector questions: ™ Fth 5 diagram_ P Sad . . —
he area of the = . . . . osition or direction? =
0 Area of triangle ABC = %lll |b|5in 0 fwlcielthg arcab r= P+FR = (_5 + 4)' +(_5 + 28).] +(1 o Z)k = '_O'ZJ_k 0 q It is useful to > = Magnltude
/of the triangle. distinguish between T . You can find the magnitude of a vector using
2 Area of parallelogram ABCD = |a| |b|sin® position vectors and | Pythagoras' theorem.
direction vectors. |_.| 2
You can generalise the technique used in Example 2 to get the ratio formula. DL = _54 = |24—4j + 5k
: : Key point /\ A =/22+42+52=3/5
For points P, Q and R and scalars p and A, if PR: RQ=A : u then OA
Ignore minus signs when calculating the nitude of
— l’lp+lq Thc dlrectlon vector aevector. & & =
A position vector 5tarts AB tell the (c "
A+ at the origin. OX tells directijny:: ST (V/ Unit vectors have magpitude 1. ‘
ition of point A.  from e
youShe position ot posns A 1oR A 0/D4 {Y/ The distance between two points A and B |
is the magmtude of the vcctor AB.
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e ® A machine that makes copper rods is designed to produce rods with a mean length of 30 cm.
Unit 3c: The Normal distribution Normai h othes;s test; n An inspector is making sure that the mean is not less than this and assumes, from experience
with similar machines, that the variance is 0.16 cm® The inspector measures the lengths of 32

random rods and finds that they have a mean length of 29.9cm.

. isti i i You can use a sample from a normally distributed
3c. Statlfstt;'ca:\lhypotll'l:-SltS F;S:{ng for the population to test hypotheses about the mean of that Golden rule I a State null and alternative hypotheses for this test.
mean o € Normal distribution p:.pl:'la.tion..;c;ur ter);_: 5Ftatistic Wi"|:’e;h: ;auv:;:e mean, If a random sample of size n is taken from a b Calculate the test statistic and hence calculate the p-value.
which is written as X. For a normally distri SR : g 2 i ) o )
population, the sample mean is also normally distributed. ::;’:‘i::); i‘::"l’:t::a :0;11:1:3::::; :J tio:‘(u, o), c S.tuttj, with a reason, Whl.'[!‘lcl‘ the null hy[‘:ulhcsls is acccplcc‘l or rejected at the 10%
Kev VocabUIa rv It has the same mean as the population but a different o F(’Tz | significance level. Determine the conclusion of the hypothesis test. Sinco the inspector oly u
Keywords v§ria‘noe.. Use the rule on the right to work out its P Pt N(u, -77-) - ) wants to test if the mean is
. . . . L. . . distribution. _ a H,:p=30 H,:u<30 significantly lower than g,
Binomial, discrete distribution, discrete random y 5 299-30 . you use a one-tailed test.
" . . apeas 2 5 B g B . = ————==1414 (4 5
variable, uniform, cumulative probabilities Normal, . If a variable is Normally distributed, then you can perform a hypothesis ) “=~ o6 (4 of) : :3
mean, variance, continuous distribution, histogram, test to identify whether the mean of the sample is sufficiently different tlvlv' :‘:;’;":’1 'ts at J52 Calculate the test
inflection, appropriate probability distribution. to the hypothesised mean of the distribution. D-la1ieC oot The p-value is 1- ®(1.414) = 7.87% statistic and use this to
= — The null hypothesis is the assertion that the population the sample f I-u< Ho OF H,tpu>p, ¢ Since the p-value is less than the significance level, the null calculate he prvalue.
ey le is taken from has a particular mean. This is usually based on is a one-tailed test. hypothesis can be rejected. There is sufficient evidence to suggest 4@CSD
worked exam P previous results. that the machine might be producing rods which are too short. #———{ Reject the null hypothesis
and give your conclusion,
You call this hypothesised mean g, so H, : u =,
The massles %f lt(he loaves of bl'ﬁad m‘ldl: In The alternative hypothesis is When testing a mean, you simply need to show that there is or is not
a pdrtlcu ar ba ery a_re normally distributed e H, :u+# p, if the mean of the sample is different to the hypothesised mean. ul?(auhgh cwdent::um alfl:ceptur ;ulcctt(ll'J;: nuII:y;::)thcs;s. ’Th.:; is, it is likely
with standard deviation 30 g. e H,:u<p,orH, : u> u,ifthe mean is lower or higher than the hypothesised mean. that the mean has orhas not changed from the YPH el
The bakery claims the mean mass is 800 g. s o2 R
A consuerr group believes the actual avfrage If, X N(u,0%), then X ~N (# — ) To test these types of hypotheses Worked example
n
mass is less than thiS, and takes a random you need a test statistic, z l/n\mnc:lom sa(;nple of?ﬁbs;rvaﬁonsﬁ lak;n‘-
sample of 20 loaves from the bakery. The sy o ool H(,‘:Lu e
mean mass of the loaves in the sample was N m T : : the 5% level.
788 g. -t . _ _ You can perform To solve problems mvolvmg hypothes|s testing (a) Find the critical region for the sample
_ ) z=———, Xisthemean of the sample, /1, is the hypothesised o P Apat NG HOuT mean, X (3 marks)
Test the consumer group’s claim, stating your g e of the distribation o is thevatiance ofthe el gy E : . y . Aseyese Hi, Co'bs tiie, o that X N0, 4°)
hypotheses clearly and using a 5% significance T . , el @ Define the null hypothesis and the alternative hypothesis. o for the sunple me:
level. (4 marks) distribution and n is the sample size. X ~N[18, G| or X ~ 018, 2)

Ho: o = 800, H,: p < 8600

You can either compare this test statistic to the critical value, or you can find the p-value and
Let X represent the mass of a loaf of bread

@ Calculate the test statistic. LSl e

The critical region is X < 15.228 or

#hd assome Ho b be trie. %o that compare that to the significance level. These calculations rely on the standardised Normal . e
X — N(8OO, 302) . distribution ®(z)=P(Z <) where Z~N(0, ) @ Calculate the critical value or the p-value. Vi valuey obeered i thie o nie:
2 12.1 17.3 183 10.6
So for the sample mean: . L o » m . . 1.5 191 175 209
%~ N (500 302 ) o ¥ OO 4 You accept the null hypothesis if the test statistic is smaller in size than the critical @ ACCEpt or reject the null hypothe3|s. (b) Comment on this sample n light of the
’ 20 ’ value, or if the p-value for the test statistic is greater than the significance level. g vy (Emoeln)
= - 2 3 X==X="22 =159 (1dp)
P(X . 78&) o060 @ lee your concluslon' This value Iieseoutside the critical region, so
0.0368 < 0.05 so there is evidence to J there is not sufficient evidence to reject Hy
at the 5% level.

reject Hy at the 5% level, and conclude
that the mean mass of loaves in the whole

. . This is a two-tail ‘
population is less than 800 g. diled test 50 you need to

halve the probability in each tail,
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specified, you should use g—-9.8ms*
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A particle is projected from a point O on horizontal
1

Ll 4 ° = - — 4 @
Vectors in Kinematics
Velocity and displacement are both vector quantities. This means they have magnitude and

. 8.1 Vectors in kinematics direction. You can use unit vectors i and j to describe the position or velocity of an object.

. 8.2 Vectors methods with projectiles Position and velocity
. 8.3 Variable acceleration in one dimension | Make sure you don’t confuse position vectors and velocity vectors:

Unit 8: Further kinematics

ground with initial speed 12 ms ' at an angle of 60° to the horizontal. Work out

Take i and j as the
horizontal and vertical
directions and resolve
the velocity into these
components.

a Its height above the ground after travelling 7.2 m horizontally,

b Its speed and direction at that instant.

a Initial velocity is u=112cos 60°i+12sin60% = Gi+ 63 j

celeration is a=—gj =—9.
Acceleration is a gj 2.8j Uses u1+1atzto

° 8.4 Differentiating vectors 1 Rusition (or displsossist) vickors kel yoi W s 8 o The position vector at time tis r= xi+yj=6ti +(6L J3 —4.9t? ).i *~| find the time when the
. where an object is relative to a fixed origin. Its speed is V72 + 32 = {58 ms" horizontal distance x— 7.2
. 8.5 Integrating vectors ' . ’ . When x=7.2,6t=7.2 andso t=1.2 :
Distance is the magnitude of a position vector. / (71 + 3)ms-!
If an object has position vector r = (al + bjm, When t= 1.2,y =6x1.2J/3-4.9x1.2" =541 so its height Use s = ut + at* to find
E X - above the ground is 5.41 m, ) 2
Kev Vocabula ry its distance from the originis |r| = Va® + b m Pe the vertical height when
“=2i+ 5)m b The velocity at time tis v = Gi+(6J3 —9.8t)j t=1.2
2 Velocity vectors tell you what direction an i W Phas position vector When t=1.2,v=6i—1.37 jandv =|v| = /6" +(—1.37)" =6.15
object is moving in and how fast. J'L) P (21 % 5pm T - Usev = u + at l
Distance, displacement, speed, velocity, constant Speed is the magnitude of a velocity vector. H-O— s distance from © e e f=Ee . 137

Check your answer by
evaluating the angle

is V(F2)7 # 52 =29 m

i is the horizontal unit vector and

The particle is travelingat 6.15ms ' at 12.8°
below the horizontal.

Motion in two dimensions Motion under gravity 2

Velocity and time

If an object has velocity vector v = (pi + gj)ms™,

its speed is |v| = /p? + g°ms™!

acceleration, constant force, variable force, variable
acceleration, retardation, deceleration, initial (¢ = 0),
stationary (speed = 0), at rest (speed = 0),
instantaneously, differentiate, integrate, turning
point.

1
J is the vertical unit vector. between v and 0 and

Calculus with vectors

You can use the relationships between displacement,
velocity and acceleration to solve problems in two
dimensions.

the absolute value of v on
your calculator.

Displacement = f(t)i + g(t)j

If an object starts at a point with position vector rgm and

d xam le Your vectors should be given in terms of the unit vectors i and j Differentiate moves for time t seconds with velocity vector v then Q « & =v0= 3B - 2j) mert
Worke e p and you are always integrating or differentiating with respect to ; its new position vector r will be given by N\Qt =1
Hima; Velocity = f'(t)i + g'(t)j S B e W
g : 5 e . S : = = 10 ; O
A. particle is moving in a ho_rllzoptdl plane Worked example Differentiate In the diagram, Q starts with intial position vector r = (21 + 9)m | _ (51 4 oo —.\_\:‘t =3
with VelOCl[y (3| ar lOI]) ms~'. Given that and moves with velocity vector v = (31 — 2j) ms™'. After 3 seconds: g 13- Q
. : A particle P of mass 0.6 kg i ing i z TR R = t T M o = (11 + 3))
the particle passes through the point a hp:rritz’g:tal glarrll\:ilsnder ti;saﬂ?c‘),:\ngfm KBisettr= R4 ) i~ '('5|++V91) + 3(3i = 2j) T ! Al e
with position vector (12i — 3j) m at time a single force F N. The velocity of the = (2 +:3 X53N+(9.~3X 2) T
¢ = 3 seconds, find an expression for the particle vms~! at time 7 seconds is given by Golder =1+ 3j i J
; ’ : 5 =80V7i+ £, =0 P
displacement of the particle, r m, at time Y ’ (// Differentiate or integrate each — =
1 2 d ’ , 3 ks) o Eofpanstiir alser sepaetey. Sancing a Soaring 3 A particle P moves with constant
SECORCS il (a) tl;e acceleration of Pwhen =4 (3 marks) (V/ Read questions carefully — if you are You can use trigonometry to find the ‘ p e e g ' I
< 2 - ﬁ; + 3t3 asked to find speed or distance you bearing an object is moving on if you acceleration (2i — 5j) 11_1 s At time 7 =0,
r = |vdt = |(3i + 10tj) dt e = will need to find the magnitude of the know its velocity vector. Remember P has speed ums™'. At time 7 = 3, P has
=~ Wher;g= 4, velocity or displacement vector. that bearings are measured clockwi‘se vclocily (—6i + l) ms!.
= 3t + 5t2J + c a=-—=i + 3(49)j = 20i + 48] @ If you are integrating a vector from north and you should always give < .
% =~ - V4 & i quantity, your constant of integration bearings to the nearest degree. Find the value of w. (5 marks)
When t = 3, r =12i — 3j, so (b) the magnitude of F when t=4. (3 marks) shisolabe g veetor N .
- - ot F = ma = 0.6(20i + 48j) '(42;5 mﬁving with velocity vector \ il 1) +* gt
— i S— i e . 25 ~ o m 5—1 . . . .
o5 « 45:.]. +ic =121 3:.]. =12j + 28.8j E— tand = 1 s0 0 = 26.56...° k (—6i +j)=u + 3(2i — 5j)
c = 3i — : 7 arar-re- il ) e ~ 2 Bearing = 90° + 26.56...° u=(—6i + i) — 3(2i — 5j
-~ 3“' 48—‘.’. [F| = v12% + 28.8% = 31.2N WO!'ked exampl AR '()-‘_DI"".L-__} = 117° (nearest degree) o ( o :j') ( - -4)
Sor = (3t + 3)i + (5t2 — 48)j S = (=12 + 16j)ms™
é\= u=(-12)2 + 162 = 20ms™




